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On the basis of the concrete operations definable on the set of effect operators
on a Hilbert space, an abstract algebraic structure of sum Brouwer-Zadeh (SBZ)-
algebra is introduced. This structure consists of a partial sum operation and two
mappings which turn out to be Kleene and Brouwer unusual orthocom-
plementations. The Foulis-Bennett effect algebra substructure induced by any
SBZ-algebra, allows one to introduce the notions of unsharp “state” and
“observable” in such a way that any “state—observable” composition is a standard
probability measure (classical state). The Cattaneo—Nistico BZ substructure
induced by any SBZ-algebra permits one to distinguish, in an equational and
simple way, the sharp elements from the really unsharp ones. The family of ali
sharp elements turns out to be a Foulis—Randall orthoalgebra. Any unsharp
element can be “roughly” approximated by a pair of sharp elements representing
the best sharp approximation from the bottom and from the top respectively,
according to an abstract generalization introduced by Cattaneo of Pawlack “rough
set” theory (a generalization of set theory, complementary to fuzzy set theory,
which describes approximate knowledge with applications in computer sciences).
In both the concrete examples of fuzzy sets and effect operators the “algebra”
of rough elements shows a weak SBZ structure (weak effect algebra plus BZ
standard poset) whose investigation is set as an interesting open problem.

1. THE “ALGEBRA” OF UNSHARP QUANTUM MECHANICS
ON HILBERT SPACES: METATHEORETICAL
PRINCIPLES

The “logic” of quantum simple propositions in conventional quantum
mechanics (QM) based on a complex Hilbert space ¥ is realized by the set
M(¥) of all subspaces (i.e., closed linear manifolds) of #. The set M(F),
equipped with the set-theoretic inclusion C and the orthocomplementation
L assigning to any subspace M its annihilator M+, is an orthocomplemented
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orthomodular atomic complete lattice (the so-called “quantum logic”),
bounded by the trivial subspaces {0} and #; the g.Lb. of any family {M;}
of subspaces is the set-theoretic intersection (i.e., AM; = NM)), the L.u.b. of
the same family is the subspace generated by the set-theoretic union (i.e.,
vM; = (UM)*+). All this can be summarized by the structure

M(30), A, v, 4, {0}, %) (1.1a)

The collection of all quantum events is realized by the set II(3) of all
orthogonal projections on #, which has a structure

I3, =, ', 0,1 (1.1b)

of an orthomodular orthocomplemented atomic complete lattice with respect
to the phenomenological partial ordering defined for P, P, e II(¥) by

Pi=P, iff Voe ¥, (¢IP1¢) =< (¢|Prp) (or)

and the orthocomplementation on II(¥) defined according to one of the
equivalent forms

PP:=1-P= PRm(p)J- = PKer(P) (OC)

[denoting by Py, the orthogonal projection which projects onto the subspace
M e M(F)]. Vectors from €, := F \ {Q} are interpreted as (pure) preparation
procedures of individual samples of the physical entity under well defined
and repeatable conditions. For any preparation ¢ € %, and any event P &
I1(%) the quantity

we, P) = 2P 1o 1 (12)
liel
is the probability of the occurrence of the answer “yes” for the event P when
the entity is prepared in ¢.

The one-to-one mapping M(¥) — II(¥), M — Py, associating with
the subspace M of # the orthogonal projection P, which projects onto M,
is an isomorphism in the category of orthomodular lattices. In axiomatic
quantum mechanics, it is assumed that Py, represents the event which measures
the quantum simple proposition M. The certainly-yes domain of any event
P e II(#) is defined as D\(P) := {{ € Hy: w(ls, P) = 1}, i.e., the collection
of all preparations in which the answer “yes” to the event P occurs with
certainty (probability one); trivially, the subspace onto which P projects is
M(P) := Ker (1 — P) = D(P) U {0}.

Summarizing, the now outlined mathematical realization of sharp QM
based on a Hilbert space is founded on the identification between “events”
(mathematically realized by orthogonal projections) and “simple proposi-
tions” (mathematically realized by subspaces):



Unified Framework for the Algebra of Unsharp, QM 3087

| stMPLE PROPOSITION |

P o M(P)

Unsharp QM is an enlargement of the above theory, in which effect
operators (i.e., linear operators F on ¥ such that Vo € %, 0 < (¢IF¢) <
llel?) represent the extension of orthogonal projections and orthopairs of
subspaces [i.e., pairs of subspaces (M;, My) of ¥ which are mutually orthogo-
nal: M; | M,] generalize the standard notion of subspace.

Let us denote by 4(3) the set of all effect operators; then €(¥) strictly
contains the set II(#) of all orthogonal projections. As usual, vectors from
#Hp := ¥\ {0} are interpreted as preparation procedures, and for any effect
F e €(%) and any preparation ¢ e €, the quantity

wo, F) = 2F9 g ) (13)
Il

is the probability of the occurrence of the answer “yes” for the effect F when
the entity is prepared according to ¢.

The set of all Hilbert space unsharp quantum propositions is the family
L (¥, 1) := {(M;, Mo): M;, My € M(¥), M, 1 My} of all orthopairs of
simple propositions (=subspaces) of ¥. For any effect F we introduce the
two mutually orthogonal subspaces of ¥: M\ (F) = Ker(1 — F) [identified
with the certainly-yes domain of F, D\(F) := {¥ € ¥: p(b, F) = 1} =
M (F)M\O0)D)] and M(F) = Ker(F) [identified with the certainly-no domain
of EE D(F) := {¢ € 3: p(¢, F) = 0} = My(F)\{0}]. Vectors of the certainly-
yes (resp., no) domain D(F) [resp., Dy(F)], represent preparations with
respect to which the answer “yes” (resp., “no”) to the effect F (resp., F’ :=
1 — F) is certain, i.e., the probability of the occurrence of F (resp., F') is
1. Therefore, we have the following unsharp extension of the above diagram:

EFFECT PROPOSITION

F - (M(F), M(F))

in which the identification between the orthomodular lattices of projectors
and subspaces is broken up into a mapping from the family of effects onto
the family of propositions, which is not one-to-one.

Remark 1.1. In the exact case of an orthogonal projection P e II(¥),
the proposition (M,(P), My(P)) is equal to the proposition (M,(P), M (P)*),
which can be identified with the simple proposition M,(P).

Several relations and operations can be introduced on the set of effect
operators on a Hilbert space. We list those which can be considered as relevant:
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(1) The binary relation of partial ordering, which is the natural extension

of the (or): for Fy, F, € €(%)
Fi=F, iff YVoe¥, (¢IFi¢)= (plFp) (€-or)
The structure (€(#), <, O, 1) is a poset which is not a lattice [for an indirect
prove of this statement see Davies (1976) and for a direct one see Greechie

and Gudder (n.d.)].
(2) The binary relation of orthogonality on effects is

FilF iff Fi+F=1

Once we define the set (8(¥) X €(H)), := {(F1, Fo) € G(H) X €(%0):
F; 1 F,}, we can introduce:

(3) The binary operation of partial sum on effects ©: (€(#) X €(¥)),
~ (), defined as

FI©QF,:=F + F, iff (F,, F;) e (€(3) X €(%)),

(Note that this definition makes use of the previous structure of poset with
orthogonality (4(%), =, L O, 1)).

(4) The unary operation of Kleene orthocomplementation, which is the
natural extension of the first equality in (oc): VF € €(%)

F':=1—F (K-oc)

(5) The unary operation of Brouwer orthocomplementation, which is
the extension of the second equality in (oc): VF € é(¥)

F~:= PKer(F) (B-OC)

The above are the relations and operations which we shall consider in
the sequel. They are not the unique one that can be introduced on é(#); for
instance, we can also quote:

(6) The “convex” product, which can be stated as the external operation
[0, 1] X €(F) —~ E(3), \F)->\-F

associating with any number 0 = N = 1 and any effect F the new effect
A F e €(¥).

Let us note that owing to (2) and (6), é(¥) turns out to be a convex set,
with respect to the following operation:

(2-6) The convex “combination”
c: [0, 11 X &) X E(F) » €(30),
MNFG >c\,FG):=NF + (1 - NG

[operation which can be extended to a-convex combination in a trivial way).
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(7) The “filtering” product, which can be stated as the internal operation
O: EH) XEH) - EH), F,G)SFOG:=G"2oFoG”2

Adopting the notation of Davies (1976), for any effect F e €(¥), the map
Te: I (3) — T (3) from the set of all trace-class operators into itself defined,
Vp € J(¥), by Tep) := F'2 o p o F'2 is a pure operation (linear, positive,
absorbing, and pure transformation) describing a physical “filter.” For every
pure state (induced by the preparation { € #,) py :=, IY)XWl/IIYl1? we have
that tr{THpy)] = (WIFPYIIPIIZ = w@, F), ie., F is the effect realized by the
pure operation T [“The effect F determines the probability of transmission,
but not the form of the transmitted state” (Davies, 1979)].

Of course, the composition of two pure operations T © T acts on trace-
class operators in the following way: (Tr © Tg) (p) = F2 ¢ G20 p o G2
o F12 and then

tr[(Tk To)py] = trf[GY2 o Fo G120 Pq,]

_ (WG Fo Gy _
[l

i.e., F O G is the effect which realizes the pure operation Ty o Tg;.

In conclusion, (6) allows one to introduce the convex structure of effect
algebras [which is not considered in the structures based on the (1)—-(5)] and
(7) expresses a realization by effects of the composition of particular pure
filtering operations. In some sense, in any algebraic approach based on (1)—(5)
{without considering (6) and (7)] something of the “physics” of effects is
definitively lost.

A number of algebraic structures have recently been proposed as an
adequate abstraction of the effects of a Hilbert space [BZ-posets (Cattaneo
and Nisticd, 1989), D-posets (Kopka and Chovanec, 1994), effect algebras
(Foulis and Bennett, 1994), quantum MV algebras (Giuntini, 1995), where
each of them mimics, as an abstract axiomatization, only a part of the above
operations (1)—(7). The problem of the “adequate” algebraic structure to
describe unsharpness in quantum theory can be discussed on the basis of some
metatheoretical principles, stated outside the mathematics of the involved
structure. We assume the following as a suitable minimal choice for a further
discussion and, if the case, criticism:

|.L(l|1, Gl/2 oFo@G 1/2)

(MT,) The abstract algebraic structure € describing unsharpness in QM
must have as concrete mathematical model the family €(#) of effect operators
of usual unsharp (generalized) QM based on a Hilbert space ¥.

(MT,) Making use of the formal structure of €, it must be possible to
introduce a class of mathematical objects interpreted as “observables” and a
class of mathematical objects interpreted as “states”. In the Hilbert space
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model observables must correspond to usual POV measures and states to
density operators (at least for Hilbert space whose dimension is greater
than two).

(MT;) In the mathematical structure of €, which describes a general
situation of unsharpness, a subclass €, of elements, interpreted as “sharp”
(“exact,” “crisp”), and distinguished from elements in é\é;, interpreted as
strictly “unsharp” (“fuzzy”), must be singled out (preferably in an equational
and simple way).

In the Hilbert space model of effect operators this class must correspond
to the family of orthogonal projections.

(MT,) For any element a € € there must exist two sharp ones a,,
a* e €, which represent the “best” sharp approximation from the bottom
and the “best” sharp approximation from the top of a. The pair (a,, a*) is
the “rough” approximation of a, which for a sharp element a € €, must
coincide with the pair (g, a) [see Cattaneo (1996) for an introduction to rough
set theory, and for its algebraic generalization)].

A little comment about (MT3) [and its “consequence” (MT4)]: Unsharpness
has some meaning only if compared with sharpness (and this is possible only
if the structure permits one to distinguish sharp from unsharp elements);
there is no unsharpness without sharpness.

2. SUM BROUWER-ZADEH ALGEBRAS AS A PROPOSAL FOR
EFFECT ALGEBRAS AND UNSHARP QUANTUM LOGICS

The above metatheoretical principles suggest to consider as a sufficiently
fruitful minimal algebraic abstraction of effect operators a structure of sum
Brouwer-Zadeh (SBZ)-algebra

(¢, L,9,';7,0,1)

where:

(i) L is a binary relation on the set € containing at least two distinguished
elements 0 and 1 (0 # 1) [in the sequel we denote by a L b the fact that
the pair (@, b) € € X ¢ belongs to the binary relation L and by (€ X €),
C € X € the collection of all such pairs] such that:

(og-1) [Symmetry law]

alb implies bl a
(og-2) [Regularity law]
ala and b1lb imply a Ll b
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(og-3) [Zero-one law]
11La implies a=0

(ii) ®: (€ X €), — ¢ is a partial operation defined on pairs of mutually
orthogonal elements from € such that the following hold:

(sa-1) [Commutative law] If a L b, then b L a is a consequence of the
symmetry property of L, and

a®b=b0Da

(sa-2) [Associative law] Ifa L band (@D b) L ¢, then b L c,a 1
b D c), and

aDPDBbDB)=@Db)Dc
(iil) ': € — € is a unary operation on € such that the following hold:
(koc-1) [K-Orthosupplementation law)

ala and a®a =1
(koc-2) [K-Uniqueness law]

alb and a®b=1 imply b=a
(iv) : € ~ ¢ is a unary operation on € such that the following hold:
(boc-1) [B-Symmetry law]
Jr:a®r=5b" implies Is:bDs=a"~
(boc-2) [B-Orthogonality law]
ala”

(boc-3) [B-Noncontradiction law)

Ir:a " @®r=c and Is:a 7" Ds=c imply c=1

Example 2.1. The real unit interval is an SBZ-algebra ([0, 1], L, D, ’,
~, 0, 1) with respect to (1) the orthogonality relation: let 7, s, e {0, 1]; then
r L siff r + s < 1; (2) the partial sum operation: let r, s € [0, 1] be such
that r L s, then r @ s := r + s (+ denotes the standard sum operation of
real numbers); (3) the K-orthocomplementation: Vr € [0, 1], 7' := 1 — r;
(4) the B-orthocomplementation: Vr € [0, 1], r~ =1 ifr~ =0and r~ =
gifr # 0.

Example 2.2. The unsharp (fuzzy) set theory on the reference space U is
an SBZ-algebra ([0, 11V, 1,6, ’, ™, 0, 1) with respect to: (1) the orthogonality
relation: let f, g € [0, 1]Y; then f L giff f + g =< 1 (where 1 associates with
any x € U the number 1(x) := 1 e [0, 1]); (2) the partial sum operation: let
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f g €10,11Ybe such that f L g; thenf® g := f + g; (3) the K-orthocomple-
mentation: Vf € [0, 1]V, then f' = 1 — f; (4) the B-orthocomplementation:
Vf € [0, 11Y, then f~ = xaqp) [Where Ag(f) := {x € U: f(x) = 0}, and for
any subset A C U, xa(x) = 1 if x € A and = 0 otherwise].

Example 2.3. The “classical logic” of a measurable space (K, B(K)).
Let B(K)) be a o-algebra on the nonempty set K; the structure (B(K), 1,
®,’, ~,d, 1) is an SBZ-algebra with respect to: (1) the orthogonality relation:
let Ay, Ay € B(K); then A, L A, iff A} N A, = @; (2) the partial sum
operation: let Ay, A, e B(K) be such that A; L Ay then A D Ay := A U
A, (in this case we also write A; W A,); (3) the K-orthocomplementation:
VA € B(K), A’ := K\A; (4) the B-orthocomplementation: VA € B(K),
A7:=K\A = A'.

Example 2.4. The unsharp quantum mechanics on the Hilbert space ¥ is
an SBZ-algebra (§(%), L, D, ', 7, O, 1) with respect to: (1) the orthogonality
relation: let F;, G € é(¥); then F L G iff F + G =< 1; (2) the partial sum
operation: let £, G € 4(¥) be such that F 1 G; then F® G := F + G;
(3) the K-orthocomplementation: VF € €(¥), F' := 1 — F; (4) the B-
orthocomplementation: VF € €(#), F~ := Pger).

Example 2.5. The standard “quantum logic” of a Hilbert space ¥ is an
SBZ-algebra (M(¥), L, D, ", ~, {0}, ¥) with respect to: (1) the orthogonality
relation: let M, M, € M(3); then M, | M, iff V§; € M, and Vi, € M,,
(U 1dx) = 0; (2) the partial sum operation: let M;, M, € M(%) be such that
M, L M,; then M, @ M, := M, v M, (i.e,, the subspace generated by M,
U M,); (3) the K-orthocomplementation: VM € M(F), M’ := M *; (4) the
B-orthocomplementation: VM € M(¥), M~ == M+ = M'.

As a consequence of these examples we can state the following result.

Conclusion 1. The structure of SBZ-algebra satisfies the metatheoretical
principle (MT)) since the unsharp QM of effect operators on a Hilbert space
is an SBZ-algebra (Example 2.4).

Definition 2.1. Let € and & be two SBZ-algebras. A mapping ¢: € ~
F is a morphism iff the following hold:

(1) (1) = 1g;

(ii) let @, b € € be such that a L b; then d(a) L d((b);

(iii) let @, b € € be such that a L b; then ¢d(a D b) = d(a) D b(b);

(iv) d@a™) = d(a)™.

A morphism is called epimorfism iff onto.

Proposition 2.1. If € and & are SBZ-algebras and ¢: € ~ F is a
morphism, then:
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(i-a) &(0g) = Og.

(iii-a) Let a, b € ¢;if s € € st.a L s and a © s = b, then the
clement d(s) € F is s.t. ¢(s) L d(a) and d(a) D d(s) = d(b).

(iii-b) d(a’) = d(a)'".

Definition 2.2. A mapping ¢: € — F from the SBZ-algebra € into the
SBZ-algebra & is a po-morphism iff the above properties (i), (ii) of Definition
2.1, plus the following conditions hold:

(iii-a) Let a, b € €;then 3s € €:a L sand a D s = b imply Ir €
F: r L ¢(a) and d(a) D r = &(b) [in general r # (s)).

(iii-b) d(a’) = d(a)".

(iv) d@”) = d(@)".

A po-epimorphism is a po-morphism which is onto.
Any morphism is trivially a po-morphism (see Proposition 2.1).

Definition 2.3. Let € and & be two SBZ-algebras. A mapping ¢: € ~
% is an isomorphism iff it is an epimorphism which satisfies further:

(v) Leta, b € €; then Ir € €: d(a) L r and d(a) D r = b(b) implies
Isebalsanda®Ds=>b

Proposition 2.2. If ¢: € — & is an isomorphism, then ¢ is a bijection
and ¢ : F — € is an isomorphism.

2.1. The Foulis-Bennett Effect Algebra as a Substructure of SBZ-
Algebra: States and Observables

Neglecting the unary mapping ~ in the above definition of SBZ-algebra,
points (i)}—(iii) define in an equivalent way a structure of a regular “effect”
algebra, according to Foulis and Bennett (1994).

Theorem 2.1. Let (¢, L, @, ', =, 0, 1) be an SBZ-algebra. Then the
substructure (&, D, 0, 1), is a regular FB-effect algebra, i.e., a set € with
two special elements 0, 1 and a binary operation € partially defined on €
satisfying for all a,b,c, € € the following conditions:

(sa-1) [Commutative law] If a @© b is defined, then b @ a is defined
anda®Db=>bDa

(sa-2) [Associative law] If a @ b is defined and (a © b) @ c is defined,
thenb @ c, a® (b D c)are defined, and a D@ b D)= (@D b)Dec.

(sa-3) [Orthosupplementation law) For every a € € there exists a unique
a' € € such that a @ a’ is defined and a © o' = 1.

(sa-4) [Zero—One law] If 1 @ a is defined, then a = 0.

(re) [Regularity law) If a © a and b @ b are defined, then a D b is
defined, too.
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Definition 2.4. Let € be a regular FB-effect algebra. Let g, b € €; then
we define:
(i) The binary relation

alb iff aD b is defined (0g-¢)

and in this case we say that a is orthogonal to b.
(ii) The binary relation

asb iff Ice€:alc and a®c=0b (or-6)
and in this case we say that a is less than or equal to b.

The proof of the following Theorem can be found in Foulis and Ben-
nett (1994).

Theorem 2.2. Let € be a regular FB-effect algebra; then the structure
(¢, =, ', 0, 1) is a Kleene poset, i.e., a poset with respect to the partial
ordering = defined by the (or — €), bounded by the minimum element 0
and the maximum element 1, and equipped with a Kleene (unusual) orthocom-
plementation ': € — € [which is the mapping defined by the (sa-3)] satisfying,
for arbitrary a, b € €, the conditions

(doc — 1)a =4d".
(doc — 2) a < b implies b’ < q'.
(reYa<a andb' <= bimplya=b»b (regularity)

Moreover, we have that
albd iff a=<»b

Example 2.1. The real unit interval. In this case the partial ordering
coincides with the natural ordering of real numbers.

Example 2.2. The standard fuzzy set theory on the reference space U.
The partial ordering induced by the SBZ structure is the pointwise ordering
on functions:

f=g iff VxeU f)=gh

Example 2.3. The o-algebra B(K) of a measurable space K. We have that
in this case the partial ordering induced is the standard set-theoretic inclusion:

A=A, iff A CA,

Example 2.4. The unsharp quantum mechanics on the Hilbert space K.
The SBZ partial ordering is the phenomenological ordering:
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F=G iff Yoe¥®,  (WIFY) =< WGIGY)

Example 2.5. The standard quantum logic of a Hilbert space ¥. The
induced SBZ partial ordering is the set theoretical inclusion on subspaces

M=N iff MCN

Definition 2.5. Let € and F be two Kleene posets. A mapping &: € —
F is a K-morphism iff the following hold:

@) d(lg) = lg;

(ii) let @, b € €; then a < b implies d(a) < d(b);

(i) $(a’) = d(a)'.
A K-epimorphism is any K-morphism which is onto. A K-isomorphism is a
K-epimorphism which satisfies the further condition:

(iv) Let g, b € €; then d(a) = &(b) implies a = b.

As an immediate consequence of Definition 2.2, we can state the follow-
ing result.

Proposition 2.3. Let € and & be two SBZ-algebras. If ¢: € — F isa
po-morphism, then it is a K-morphism.

The notion of morphism in the category of FB effect algebras is straight-
forwardly obtained once suppress the condition (iv) in Definition 2.1 of an
SBZ-algebra morphism. Therefore, any SBZ-algebra morphism is a morphism
of FB-effect algebras. Moreover, any morphism between FB-effect algebras
is trivially a K-morphism, too. We now consider an example of an FB-effect
algebra morphism which is not an SBZ-morphism.

Example 2.6. Let F € €(¥) be an effect operator on the Hilbert space
#€; for any nonzero vector Y € ¥, let us define the real quantity

_ (IR
el = Sp

In this way we have defined a mapping &g #, — [0, 1], i.e., a fuzzy set in
the universe #y: o5 € [0, 1]%. As a consequence the mapping b: G(¥) —
[0, 1]%0 assigning to any effect operator F e €(%) the fuzzy set in the
universe ¥, dr € [0, 1]%, is well defined and it is easy to prove that it is
an FB-effect algebra morphism. Indeed, ¢, = 1 since V¥ € %, &, (b) = 1
= 1(); moreover, from F; L F,, ie., 0 < F; + F, =< 1, it follows that

0= (WIGF, + F) _ (WIF D) 4 WIEN) _ )

(Il [ (Il
that iS, ¢F1 1 ¢F2 and ¢F1®F2 = ¢F1 @ ¢F2'

e [0, 1]
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This morphism of FB-effect algebras is not an SBZ-algebra morphism
since &~ = bp,, 1, Which is a real unsharp fuzzy set owing to the fact that

at every “point” ¢ € Ho\(My(F) U My(F)1) it assumes values different from
0 and 1; on the contrary, (dr)™ = Xaqsp 18 a crisp (sharp) set, characteristic
functional of the subset Ag(br) = My(FI\{0} = Dy(F) of the universe ¥,
(incidentally, the certainly-no domain of the fuzzy set ¢ is just the certainly-
no domain of the effect operator F).

Definition 2.6. A regular FB-effect o-algebra is a regular FB-effect
algebra € such that the following holds:
(o) For any sequence {a,},.n C € s.t. Vi € N, a, = a,,,, there exists

\/IIEN a, € cé

Remark 2.1. All the examples presented in the preceding section satisfy
condition (o), and thus are examples of regular FB-effect o-algebras.

Let us notice that in the case of Example 2.4 (the unsharp QM), the
existence of the L.ub of any increasing sequence of effect operators is an
immediate corollary of Proposition 1 of Berberian (1966).

In particular we quote the following result, which will be used in the
sequel.

Lemma 1. In the SBZ-algebra [0, 1] if {a,},.n C [0, 1] is an increasing
sequence (Vn € N, a, =< a,,,), then \/,..n a, = lim q,.

Definition 2.7. In a regular FB-effect o-algebra € we will say that
{a,}.en € € is an increasing sequence convergent to a € €, written a,, ~
a,iff Vn € N, a, < a,,; and a = \/, N a,.

The only structure of FB-*effect” algebra furnishes, at the very least, a
notion of “disjointness” or “orthogonality” L for elements of ¢ and the idea
of “sum” @ for orthogonal elements. These are the right notions in order to
introduce inside the FB-effect g-algebra structure the notions of “state” and
“observable,” according to the following definitions which are the abstract
version of Definition 1 of Berberian (1966, p. 6) [and also mimics equivalent
notions introduced in the context of D-poset structures in Kopka and Chova-
nec (1994)].

Definition 2.8. Let € and % be two regular FB-effect g-algebras. A
mapping ¢: € — F is a o-morphism iff the following hold:

@) d(lg) = 1g;

(ii) let @, b € € be such that a L b; then ¢p(a) L d(b) and d(a D b)
= &(a) D b(b);

(iii) for any {a,},.n € € such that a, 7 a it follows that ¢(a,) 7
d(a); explicitly
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Vn € N, a, = a,,, implies &(va,) = vd(a,)

Definition 2.9. Let € be a regular FB-effect o-algebra. A (K, B(K))-
observable, where (K, B(K)) is the measurable space consisting of the value-
set K and the g-algebra B(K) of observable-subsets, is any ¢-morphism F:
B(K) — € from the regular FB-effect g-algebra B(K) (see example 2.3)
into €. Explicitly:

DFE =1;

(i) Let A, A; € B(K) besuchthat A, N A, = @; then F(A,) L F(A,) and

F(AyUA)=FA)DFQAY

(iii) Let {A,} C WB(K); then Vr € N, A, C A,,; implies F(UA,)
= vF(A,).

Definition 2.10. Let € be a regular FB-effect a-algebra. A state is any
morphism p: € ~ [0, 1] from € into the regular FB-effect o-algebra [0, 1]
(see example 2.1). Explicitly:

® p) = 1.
(ii) Let a,, a, € € be such that a; L a,; then p(a; © a,) = pla;) +
mia) = L

(iii) Let {a,} C ¢; then Va € N, a, < a,,; implies u(va,) = lim w(a,).

With a slight modification with respect to Theorem 1 of Kopka and
Chovanec (1994) we can state the following result about the “statistical
algorithm” [Bub (1974) for the adopted terminology].

Proposition 2.4. Let € be a regular FB-effect o-algebra. Let p: € ~
[0, 1] be a state and F: B(K) — ¢ a (K, B(K))-observable; then the composi-
tion pictured by the diagram

A € B(K) E F(A)e€

(uoF)

u(F(4)) €[0,1]
Fig. 1.

defines a mapping p: = (u ° F): BE) ~ [0, 1] which is a (standard)
probability measure.

Proof. Since (u © F) is finite, nonnegative, additive, and continuous
from below at every A € B(K), Theorem F of Halmos (1950, p. 39) implies
that (u © F) is a probability measure. =
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Proposition 2.5. In unsharp quantum mechanics on a Hilbert space of
Example 2.4, a (K, B(K))-observable F: B(K) - €(¥) is a (normalized)
POV-measure; i.e.,

(pov-1) F(K) = 1;

(pov-2) Let Ay, A; € B(K) be such that A; N A, = @, then F(A, U
A)=FQA) +FA)=1;

(pov-3) V{A,} C BXK), (i # ), A; N A; = @ implies

F(G, A,.) =3 FA)
n= n=1

{where the series converges in the weak (also in the ultraweak and strong)
operator topology].

Proof. (pov-1) and (pov-2) are nothing but (i) and (ii) of Definition 2.9,
specified in the Hilbert space case of Example 2.4.

Let {A,} C B(K) be such that (i # j) A; N A; = @, and let us consider
the sequence A] = A, A} =AU Ay, andVn € N, A, = A, U A;_;; then
this is a monotone nondecreasing new sequence such that UA;, = UA,,
and thus

F(UA,) = F(UA) = v F(A) 6]

Moreover, since A, = A, U A}, with A, N A, = @, applying (pov-2) for
a finite number of steps we get

F(A) =F(A) + -+ + F(A) 2

{F(A}))} is a monotone nondecreasing sequence of effect operators, and thus,
by Proposition 1 of Berberian (1966, p. 6) we have that 3[vF (A,)] such that
V¢ e %,

CHIVE QD) = lim QIF D) = @) = lim 1 3, F@W)
- @ 3 FaW
Applying (1) to this result, we obtain that Vi € ¥,
<wlF(n§1 A,,)'w =W 3 FAN)

Proposition 2.6. In unsharp quantum mechanics on a Hilbert space of
Example 2.4 the restriction of a state p.: €(3€) ~ [0, 1] (see Definition 2.10)
to the orthomodular lattice of projectors IT1(¥) satisfies
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(s-Hp) =1
(s-2) for any orthogonal sequence {P,} C I1(7) of projections [(i # j),
implies P; L P;] we have

“(,,Yl P,.) = 2} (P,

Proof. From (i) of Definition 2.10 we have that the (s-1) is true. Let
now P;, P, e II(¥) be such that P, + P, = 1, then from Theorem 2 of
Halmos (1951, p. 45) we have that P, L P, [i.e., by Theorem 4 of p. 45,
P,oP,=P,oP =0]and P, v P, = P; + P,; therefore, from (ii) of
Definition 2.10 we get w(Py + P3) = WPy v Py)) = W(Py) + (P = 1.
The extension to a finite number is immediate (once we consider that
[ZL1 P) L P,,, as a consequence of P, ° [, P] = [Z}, P]° Py, =
0) and gives

n

P; L P,  implies [.L(E P,.) = 2 wP) =1 )
i i=1

Let {P,} C II() be such that (i # j), P; L P;, and let us construct the
sequence P, = Pl,ﬁz =P + P,and Vn € N, P =P, + P,, 1;then Vn €
N, P, <P, and

A=;Pi 2

Let us now consider [always owing to Proposition 1 of Berberian (1966, p.
6) applied to the monotone nondecreasing sequence {P,}]

(VB =lmP,=(2) = i P, = VP, 3)
n=1

[where the last equality follows from Theorem 1 of Halmos (1951, p. 49)
applied to the orthogonal sequence of projections {P,}].
Therefore,

p< \/ P,,) =3) = p.( \V; P,,) = (taking into account the Definition 2.10)
n=1 n=1
= lim p(P,) = (2) = lim u(E P,-) = (1)
i=1

= Z 2 P, =
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Conclusion 2. The structure of the SBZ-algebra satisfies the metatheore-
tical principle (MT,), which requires that the algebra describing unsharpness
permits us to introduce the notion of “oservable” (Definition 2.9) and the
notion of “state” (Definition 2.10); these two notions are such that any
composition of a state with an observable gives rise to a probability measure.

Moreover, in the SBZ-algebra of Hilbert space unsharp QM, observables
are usual (normalized) POV-measures and, using the Gleason Theorem, if
the dimension of the Hilbert space is strictly greater than 2, states are in a
one-to-one correspondence with density operators.

2.2. Brouwer-Zadeh Poset as a Substructure of SBZ-Algebra:
Distinction Between Sharp and Unsharp Elements

We have now to face the problem of distinguishing inside our SBZ-
algebraic structure, and in an equational way, sharp elements from unsharp
ones. To this end we premise some results in which the second unary operation
~: € — € of an SBZ-algebra is strongly involved.

Lemma 2. Let ‘€ be an SBZ-algebra and let g, b e €; then;

WDa"~"@a" =1
ia " =a™’
i) a~=a’

WWa " =a=a”’

(v) a = b implies 5~ = a ™. [equivalently, Ir: a D r = b implies Js:
b~ ®s=a"]

(V)Irb®Br=aand3Is: bD s =a" imply b =0

(vidana™ =90

(viii) a L a™™ implies a = 0

Proof. (i) From property (boc-2) of the definition of SBZ-algebra, applied
to the particular case of a™, we get that a~ L @™, and thus a~ @ a™~
exists in €. Now, since

Ir=a"": a®r=a ®a~" and
Is=a": a7 Ds=a Ba
by (boc-3) we conclude that a~™ D a™™ = 1.
(ii) From (i) and (koc-2) we immediately get that g~ = (a™)'.

(iii) From (boc-2) we have that a | a ™, and then from (og-1) we obtain
that a™ L a, which, owing to (ii), Theorem 2.4 of Foulis and Bennet (1994)
implies a™ = a’.

(iv) From (iii), written Vb, b~ < b’, and applying this inequality to the
particular case b = a’, we get Va, a’~ = a. Now, from (iii) we have that
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a~ = a’ and so, by (iii) of Theorem 2.4 and (ii) of Lemma 2.3 of Foulis
and Bennett (1994) we have thata = " < a™'.

(v) Let a < b then by (ii) and (iv) we have thata = b~ 7, ie.,Ir:a D
r = (b™)7; applying to this result (boc-1), we have that Is: b~ D s = a~,
i.e., by Definition 2.4, b~ < a~.

(vi)Leta, b, e € besuchthat 3rr- b D r=gand3As: b Ds=a";
then by (v) we get that 37: = D # = b~ and 35: ™~ @D § = b~; applying
the (boc-3) to this result, we get that b~ = 1, from which it follows that
b=b"" =b"" = 0, concluding that b = 0.

(vii) For any a € €, let b be a lower bound of {a, a”}, ie., b =
{a, a”};then3Ir: b® r = a~ and Js: b D s = a™; by (vi) we have that b =
0, concluding that a A a™ = 0.

(viii)a L @™~ impliesa<a™™' = (ii) =a~ and thusa =anrna™ =
(vi) = 0. =m
Theorem 2.3. Let (¢, L, ®, ’, 7, 0, 1) be an SBZ-algebra; then the
structure
<%’ S? ,9 ~, 0’ 1)

is a bounded [by the minimum element 0 and the maximum element 1] BZ-
poset with respect to the partial ordering < [defined by (or — €) of Definition
2.4] and:

(K-oc) The Kleene (unusual) orthocomplementation ': € ~ € [which
is the mapping defined by (iii) of SBZ-algebra] satisfying, for arbitrary a,
b € 4, the conditions:

(doc-1) a = a&"
(doc-2) a < b implies b’ = a’
(reya<a' and b’ < b implya < b (regularity)

(B-oc) The Brouwer (unusual) orthocomplementation ~: € — € [which
is the mapping defined by the (iv) of SBZ-algebra] satisfying, whatever be
a, b e €, the following conditions:

(woc-)a<a™~

(woc-2) a < b implies b~ = a~

(woc-3)ana™ =0
The two orthocomplementations are linked by the following interconnection
rule for every a € 3:

(inja~" =a~"

Proof. This result is a consequence of Foulis and Bennett (1994) and
the above Lemma 2. =

Remark 2.2. From the Kleene orthocomplementation one can induce the
binary relation of K-orthogonality on €,
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a_LKb lffdef asb

From the Brouwer orthocomplementation one can induce the binary relation
of B-orthogonality on €,

alg b iffdef a=bh"
Let us notice that, as a trivial consequence of the (ii) of Lemma 2,
algh implies a Lk b

and thus if one introduce a notion of B-morphism similarly to the notion of
K-morphism, substituting the only condition (iii) with the condition

(iii-K) Let a, b € §; if a L b, then d(a D b) = db(a) D &(b)

then any B-morphism is also a K-morphism, and in some sense it suffices
to study only K-morphisms in order to describe inside SBZ-algebras the
standard notions of observable and state.

In any BZ algebra € it is possible to distinguish the set €; of sharp (or
exact) elements, i.e., the collection of those elements from € which are closed
with respect to the Brouwerian orthocomplementation:

. ={aeba=a""}
The elements which are not exact are called unsharp (or fuzzy).

Lemma 3. Let € be an SBZ-algebra.

(ix) Va € €. ifa L o, thena = 0

xX)Va € €™ = o™’

(xi) Let a, b, € €; if one of a, b belongs to €,, and a 1 b, then a D
b is the minimal upper bound of q, b, i.e.,

Vee€ if ab=c<a®Db, then c=a®b

Proof. (ix) a = a”~ and o 1 a imply o L o™ and thus, for (viii)
Lemma 2 we conclude that o = 0.

(x) @ = a™~ and (i) of Lemma 2 imply a © a™ = 1, and thus, for the
unicity of the orthosupplementation law (sa-3), we have that o™ = o',

(xi) Let us suppose that @, b, = c = a® b. Then, 3d, e € € s.t. ¢ =
a®dc=bDeandIfecbst.a®b=cDf Thus,a®b=cDf=
@D d)Df= (bDe) D f By the cancellation law, a = ¢ © fand b =
d® f. Thus, f = a and f = b. By hypothesis we have that a L b and then,
by Theorem 2.2 a < b’. Again, by hypothesis one of a, b is in €,; let us
suppose b e €, (the proof for a e €, is similar). It turns out that f < b’ =
b~. Thus, f<bAb~ =0. Therefore,a®b=cDf=c =
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Remark 2.3. Part (x) is a particular result of the BZ poset theory, in
which it is possible to show the following stronger result.

Proposition 2.7. In any BZ-poset 3 the following statements are

equivalent:
MDa =ad
Ra=a"
B)a" =ada"~
4a=a"’
B®a=a""

Each of the above conditions implies the following two (mutually equiva-
lent) conditions:

6a)ana =0

6b)ava =1

For the proof see Cattaneo and Nistico (1989)

Theorem 2.4. Let € be an SBZ-algebra.

(1) The set of sharp elements is nonempty, since 0, 1 (= 0') € €,.
(2) €, is closed under D.

(3)Foreverya € 4,0’ = o~ € §,.

Moreover, the structure

<%s, ®’ ’y 0’ 1)

is a regular orthoalgebra according to Foulis and Randall (1981) i.e., a regular
FB effect algebra in which the zero—one law (sa-4) is replaced by the stronger

(sa-4s) [Consistency law] Let a € €, if a @ a is defined, then a = 0.

Proof. Points (1) and (3) are standard results of BZ poset theory (Cattaneo
and Nisticd, 1989). Let us prove point (2). Suppose a, b € €. Then, according
to (ii) Lemma 2, a=a~"" =a " andb=b""=b".Now,a, b=<a®
b; therefore, a, b = (a ® b)'~. Further, by (iv) Lemma 2, (¢ @ b)'~ <
(a D b). By (xi) of Lemma 3, (a @ b)’'~ = a @ b. Hence, taking into account
(i) of Lemma 2, (a D b) € 6,. m

The following theorem can be obtained as a consequence of both orthoal-
gebra theory and of BZ poset theory.

Theorem 2.5. Let € be an SBZ-algebra. Then the structure
<%S9 S’ ” 07 1)

is an orthoposet, sub-BZ poset of €, with respect to the restriction to €, of
the partial ordering (or-€) of Definition 2.4 and the (standard) orthocomple-
mentation mapping « € €, —» o' = a~ € €,
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Moreover, if the L.ub. v and the g.1b. A of the pair of sharp elements
a, B € %, exist in €, then the Lu.b. v, and the g.lb. A, of the same pair
exist in é,, and

av,B=avpB and aAB=aAP

Proof. For the proof in the BZ context see Cattaneo and Nisticod
(1989). =

Making use of the two unusual orthocomplementations, it is possible to
define the weak anti-intuitionistic orthocomplementation:

ace€—a:=a"" €¢,

which satisfies the following conditions:
(aoc-1) a* = a;
(aoc-2) a < b implies b> < a’;
(aoc-3) a v ab = 1.

Trivially, for every a € €, one has that a~ < a’ < ab. Sharp elements can
be equivalently characterized by the anti-intuitionistic negation, since it is
easyufo prove that Va € €,a = a~ "~ iff a = ab. Hence, €, = {a € €: a
= gb°}.

In the framework of any BZ-algebra structure it is possible to introduce
two unary operators from € onto €, which can be considered as generalized
algebraic versions of the “necessity” and the “possibility” connectives of
modal logic:

aeé~v@):=a" =a" e ¢, (necessity)

aceb - pa@:=a"'=a" % ( possibility)

In particular the following hold:
(mod-1) The necessity of an element “implies” the element itself, which
in it turn “implies” the corresponding possibility

v(a) = a = p(a)

[v(a) = w(a), “if necessarily a, then possibly a” is the modal principle D;
moreover ¥(a) = a, “if necessarily a, then a” is the modal principle T (see
Chellas 1980)).

(mod-2) Necessity and possibility are both idempotent

va) = v(v(@) and p(a) = p((a)

[which is a stronger version of modal principle 4: v(a) < v(v(a)), “if necessar-
ily a, then necessarily necessarily a”].
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(mod-3) Operators v and @ act on the exact elements of €, as the
identity operators:

VBed, viB)=mPB)=8

[the particular case of B = p.(a) is a stronger version of the modal principle
5: w(a) = v(p(a)), “if possibly a, then necessarily possibly a’].

(mod-4) Necessity and possibility are linked by the expected interconnec-
tion rules between modal-like operators

w(a) = v(@')' (possibility = not-necessity-not)
v(a) = pa')  (necessity=not-possibility-not)

(mod-5) An interconnection rule involving intuitionistic-like orthocom-
plementation and modal-like operators can be stated:

v(@™) = wa)”

{in general, p(a™) # v(a)~]
{mod-6) necessity and possibility are both monotone

a<b implies wa) =v(b) and pla) =< ud)

(mod-7) The modal principles of noncontradiction and excluded-middle
(Moisil 1941, 1941) hold:

v@) Av@) = wa)Apu@ =0 and via@) v @) = wa)va) =1
which assume equivalently the weaker form
anv@)y=asrp@ =0 and avv(@ =avpla)=1

(mod-8) The two unusual orthocomplementations, both the intuitionistic
and the anti-intuitionistic, can be expressed by means of modalities according
to the following:

ab = v(@)' = v(@)~ = v(a) (contingency)

a~ = pa) = wa)” = pa) (impossibility)

Example 2.7. In the real unit interval SBZ algebra [0, 1] the set of exact
elements is the two-valued Boolean algebra {0, 1}.

Example 2.8. Let us consider the SBZ-algebra of all fuzzy sets on the
reference space U introduced in Example 2.2, which is also a distributive
BZ-lattice with respect to the unusual orthocomplementation mappings:
Kleene f'(x) := (1 — f)(x), Brouwer f~(x) := X4s)(*), and anti-intuitionistic
frx) = Xain X)) [where Ao(f) := {x e U: f(x) = 0} is the impossibility
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domain of £, A\(f) := {x € U: f(x) = 1} the necessity domain of f, and so
AN = ALf) := {x € U - f(x) # 1} the contingency domain of f].

The set of all “sharp” (“crisp”) fuzzy sets ([0, 1]Y), = {f e [0, 1]V: f=
f7 7} is just the collection of all characteristic functionals on U:

(10, 119). = {xa: A & P(U)}

For any fuzzy set f the necessity is v(f) = Xa,(5) and the possibility is
R(f) = Xayp [Where A (f) := {x e U: f(x) # 0} is the possibility domain
of f].

Example 2.9. In the case of the SBZ-algebra é€(¥) of all effect operators
of unsharp QM on the Hilbert space ¥ (see Example 2.4, Section 2) the BZ-
substructure is based on the unusual orthocomplementation mappings: Kleene
F' =1 — F, Brouwer F~ = Py, and anti-intuitionistic Fb = Py L.

Trivially the set of all “sharp” effect operators €(3), = {F € €(¥): F
= F~} is just the set II(3() of all orthogonal projections:

(0. = I1(%)

The necessity of an effect operator F is (F') = Py, and the possibility
of an effect operator F is W(F) = Pyypt.

2.3. Quantum and Classical SBZ-Algebras of Effects

In Remark 2.2 we have seen that the two orthocomplementations of
the BZ poset structure induced from any SBZ algebra € give rise to two
orthogonality relations L ¢ and 1 5. Now, a link between these two orthogonal-
ities is given by the possibility according to the following result.

Proposition 2.8. Let a, b € €. Then
algb iff p@ Lk wbd)

Proof. a 13 b iff a = b™; which implies p(b) = b~ =<a~ = (a""')
= wa)', ie, pa) L p(d).

Conversely, p(a) Lk u(b) iff b~ =< a~, which implies a = a7 =
b~ " =b"ie,a lgbh m

Definition 2.11. A quantum SBF algebra is any SBZ algebra € satisfying
the following B-coherence law:

(q) For any triple a, b, ¢ € € of pairwise B-orthogonal elements, written
{a, b, c} Lpg, there exists the suma ® b P c € €.

Remark 2.4. Let us stress that in the above B-coherence law what is
involved is the B-orthogonality relation, differently from Foulis and Bennett
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(1994) where one has to do with a coherence law involving the Kleene
orthocomplementation. Indeed, the Foulis-Bennett coherence law can also
be called a K- coherence law, since it can be expressed as:

 For any triple g, b, ¢ € € of pairwise K-~orthogonal elements, written
{a, b, ¢} Lk, there exists the suma D b D ¢ € €.

Let us recall Theorem 5.3 of Foulis and Bennett (1994): An FB-effect algebra
is an orthomodular poset iff it satisfies the K-coherence law. Differently, if
an SBZ alegbra satisfies the B-coherence law, then we cannot state that it is
an orthomodular poset (see the example below of the SBZ algebra of effect
operators on a Hilbert space).

Proposition 2.9. Let € be a g-SBZ algebra. Then, the set €; of all sharp
elements is an orthomodular poset.

Proof. From the fact that on the orthoposet ¢, of all exact elements
the Kleene and the Brouwer orthocomplementations collapse into a unique
standard orthocomplementation, Va € €,, o’ = o™, we have that Va, 8 €
és, @ Lg B iff & Lp B. Therefore, for any triple a, B, ¥y € €, ,condition
{a, B, v} Lp is equivalent to {o, B, Y} Lk, and owing to the g-axiom, this
implies the existence of a © B @D <y which is an element of € by condition
(2) of Theorem 2.4. Then, applying Theorem 5.3 of Foulis and Bennett (1994)
to the orthoalgebra (which is an FB-effect algebra, too) €, we conclude
the thesis. m

Proposition 2.10. The SBZ algebra €(¥) of all effect operators on a
Hilbert space ¥ satisfies the B-coherence law.

Proof. Let F, G, T be three effect operators which are pairwise B-
orthogonal; this means that, according to Proposition 2.8, the three projectors
Pran#y PranG)» Pranery are pairwise orthogonal with respect to the standard
orthocomplementation on II(¥). As a standard result on Hilbert space theory,
we have that Pranry + Pran) T Pran(r) 1S 2 projector, in particular Pgyyr) +
Prancy + Prane = 1. Since for any effect operator F e 4(¥) the following
inclusion holds, F < Pgryyr), we have that 0 = F + G + T < Pyyp +
PRan(G)+PRan(nsI,aIldSOF+G+T=F®G®TEg(%). a

Remark 2.5. As recalled in Section 1, and consistently with the above
result, it is well known that the set IT1(¥) of all projectors on a Hilbert space,
as collection of all sharp elements of the SBZ algebra €() of all effect
operators [(4(%)), = II(3)], is an orthomodular (atomic, complete) lattice.

Definition 2.12. A classical (c) SBZ algebra is any q-SBZ algebra €
satisfying the following B-compatibility law:

(c) For any pair of elements a, b, € €, there exists a,, b, ¢ € € such
thata, 1gc, a1 Lg(@ @Dc),witha=a, Dcandb =5, Dec.
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Making use of the same technique used in proving Proposition 2.9 and
the results of Foulis et al. (1992) (or also Foulis and Bennett, 1994), the
following is straightforward.

Proposition 2.11. Let € be a c-SBZ algebra. Then, the set of €, of all
sharp elements is a Boolean algebra.

Proposition 2.12. The SBZ algebra [0, 1]V of all fuzzy sets on the
universe U is a c-SBZ.

Proof. Trivial consequence of the fact that two fuzzy sets f, g are B-
orthogonal iff their possibility domains (also supports) are disjoint. =

Remark 2.6. In the SBA algebra [0, 1]V of all fuzzy sets, as shown in
Example 2.8, the set {0, 1}V of all characteristic functionals of subsets of
U, as collection of all sharp (crisp) elements, is a Boolean algebra isomorphic
to the power set P(U) of U.

Example 2.10. The case of fuzzy sets on the universe U gives an example
of the fact that B-coherence can be satisfied, whereas in general K-coherence
is not true.

Indeed, from the fact that

fgel0 1V, flpg iff A(NNA%R =0

we trivially obtain that from any triple f, g, & € [0, 1]V of pairwise B-
orthogonal elements the sum f + g + h is a fuzzy set.
But for instance in the universe R the triple

1 1 1
f= '2' Xi-1,11> g = X-2-n t 5 Xi—1,1)s h = 5 Xi-111 T Xa.2

consists of pairwise K-elements and f + g + b = 1/2 x;_2 13 + 3/2 X113
172 xpp ¢ [0, 11}

Similar pathological examples can be found with respect to a K-version
of the compatibility law applied to fuzzy sets which are not crisp.

2.4. Modal-Like Operators and Rough Approximation Mapping in
BZ Structures

From any elements a e € the associated necessity v(a) and possibility
(a) can be considered respectively as:

(1). the lower. (or inner) sharp approximation of a (approximation of a
from the bottom by sharp elements), since one can prove that

va)=vipeé  :B=a)
va)e {(Beé:B=ad
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(2) the upper (or outer) sharp approximation of a (approximation of a
from the top by sharp elements), since can prove that

wa = aAly e é,:a=vj}
na) € {ye € :a=v)}

a = b iff v(a) = v(b) is an equivalence relation on €. Any equivalence
class modulo = is called a property, we shall denote by pr(a) the equivalence
class generated by the element a € € and any element & e pr(a) is said to
be a representative of property pr(a). The following hold:

(i) the necessity v(a) belongs to property pr(a) and is the unique exact
representative of this property [hence, all the other elements from the same
property are its fuzzy representatives].

(ii) v(@) minimizes the property pr(a). v(a) = Apr(a).

(iii) v(a) is the best “sharp” approximation from the bottom of every
fuzzy representative 4 of property pr(a): Va e pr(a), v(a) = v{f € €.
£ =a}).

Therefore, any property can be sharply identified with its unique
exact representative:

pr(a) < v(a) (property) < (necessity)
a = b iff p(a) = p(b) is an equivalence relation on €. The equivalence
class generated by a € € is denoted by pry(a) and called noperty. p(a) is
the unique exact representative of noperty pro(a), all other elements from

pro(a) are fuzzy representatives. Therefore, pro(a) can be identified with its
unique exact representative:

pro(a) < w(a) (noperty) < (possibility)

From another point of view, pro(a) can also be identified with the exact
element p(a)’, which, of course, does not belong to this class:

profa) @ w@)' =a”~ (noperty) <> (impossibility)

The rough approximation of any a € € by sharp elements is the “neces-
sity—possibility” ordered pair

r(a) := (v(a), @)  [with v(@) = p(a)]
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pictured by the following diagram:

aeé

(v(a), u(a))

Fig. 2.
The above “necessity~possibility” pair can be identified with the “necessity-
impossibility” orthopair
rez(@) := (Wa), p@)’)  [with Wa) L p(a)’]

pictured by the diagram:

a€é
/ B( )'
pr(a) = v(a) € K h p(a)’ € & < pro(a)
(v(a), u(a)")
Fig. 3.

Example 2.11. Rough approximations in fuzzy set theory.

Let us recall that the necessity of a fuzzy set fis v(f) = xa,(p and the
possibility is W(f) = Xa,n; thus, the impossibility is given by p(f)’ =f~ =
Xaon- Hence, two fuzzy sets define a property iff they have the same certainly-
yes domain; in this way, to every property of fuzzy sets we can associate
the certainly-yes domain of any of its elements. This property is interpreted
as: “the point belongs with certainty to the subset A;(f) of U” and thus any
property is exactly represented by the characteristic functional X4,s).

Similarly, two fuzzy sets define the same noperty iff they have the same
certainly-no domain. To every noperty we can associate the unique subset
Ay(f) of U which represents the noperty: “the point does not belong with
certainty to the set Ay(f)” and this noperty is exactly represented by the
characteristic functional xao(y).
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The rough approximation of a fuzzy set f by sharp sets is the necessity—
possibility pair, identified with the pair of ordered subsets of U:

r(f) = Xaw Xapn) = Al(f), A(F))  [with Ai(f) C A (N)]

From another point of view, one can also construct the fough approximation
of a fuzzy set as the necessity—impossibility pair, identified with the pair of
disjoint subsets of U:

r82(f) = (Xayy Xao) = @A1(), Ao(H))  [with A;(f) N Ag(f) = 0]

All this can be summarized by the following diagram:

fefo, ¥
v u(-)

Xai(n <> Au(f) 8z Ao(f) <= Xay(p)

N7

(A1(f), Aa(f))
Fig. 4.

Example 2.12. Rough approximation in unsharp quantum mechanics.

The necessity of an effect operator F is v(F) = Py, and the possibility
of an effect operator F is w(F) = Pyyr ' and so the associated impossibility
W(F)" = Ppyr. Therefore, two effects define a property iff they have the
same certainly-yes subspace, collection of all preparations { in which the
two effects occur with certainty (probability one).

The possibility of an effect operator F is W(F) = Ppyyp,; thus two
effects belong to the same if they have a common certainly-no subspace,
collection of all preparations in which the two effects does not occur with
certainty (probability zero).

The corresponding rough approximation of an effect operator F is the
necessity—possibility pair, identified with the ordered pair of subspaces of ¥:

r(F) = (Puyry Puory,) = (M(F), Mo(F)*Y)  [with My(F) C My(F)"]

One can also give a necessity—impossibility rough approximation of the given
effect, identified with the ortho pair of subspaces

r8dF) = (Puyry Pugry) = (Mi(F), Mo(F))  [with My(F) L My(F)]
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All this is summarized in the following diagram:

F e &(H)
Pt ry <= My(F) 82 Mo(F) <= Py o)

(My(F), Mp(F))
Fig. 5.

As a conclusion we can claim that the abstract SBZ-algebraic structure
introduced in this work, besides the metatheoretical principles (MT,) and
(MT,) previously verified, satisfies also the remaining (MT5) and (MT,) princi-
ples. Indeed, we can state the further following result:

Conclusion 3. In an SBZ-algebra the set of all “sharp” elements is the
equational class of all Brouwerian-closed elements: a € € such that a =
a~~ (equivalently, anti-Brouwerian-closed elements: a € € such thata = abb).

In the unsharp quantum mechanics of effect operators in a Hilbert space
the SBZ-“sharp” elements are the orthogonal projections.

Conclusion 4. The BZ-substructure permits us to associate to any element
a € € of an SBZ-algebra the rough approximation r(a) = (v(a), p(a)) by
the necessity of a (the best “sharp” approximation of a from the bottom) and
the possibility of a (the best “sharp” approximation of a from the top).

In the Hilbert space case, the BZ-rough approximation of an effect
operator F, as a “necessity—impossibility” pair, is identified with the ortho-
pair of subspaces (M (F), My(F)) consisting of the certainly-yes domain
[collection of all preparations in which the effect occurs with certainty (i.e.,
probability one)] and of the certainly-no domain [collection of all preparations
in which the effect does not occur with certainty (i.e., probability zero)].

3. THE SBZ-LIKE ALGEBRA OF CLASSICAL AND QUANTUM
UNSHARP PROPOSITIONAL LOGICS

In Section 1 we set out four metatheoretical principles to which possible
algebraic structures describing unsharpness in quantum physics must conform.
In particular (MT;)—~(MT;) require to have as concrete mathematical model
effects operators of Hilbert spaces. On the other hand, we have seen that the
identification in the category of orthomodular lattices between orthogonal
projections and subspaces of a Hilbert space is broken up in the case of
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effect operators. To be precise, we can only state the (surjective) “rough
approximation” mapping from the family of all effects operators onto the
family of all ordered pairs of subspaces; this mapping associates with any
effect operator F € € (%) the quantum “proposition” (F) = (M,(F), MyF1),
with M (F C My(F)*. It will be interesting to see if also the set of all quantum
propositions can be equipped with a structure of SBZ-like algebra.

Let us discuss now two interesting examples.

Example 1: The Unsharp “Classical Logic”” of a Measurable Space

(X, B(XK))

Let us consider B(K) X BK)) C = {(A1, Ap): A, A, € BK), A, C
A,}. Then this set can be equipped with an SBZ-like structure

(BXK) X BEK)c, L,D,", 7, @, 9), (K, K))

with respect to:
(1) the orthogonality relation: let (A,, A,), (B;, B,) € (B(XK) X
RBEK))c; then

(Al’ Ap) 1 (Bb Bp) iff Al g. (Bp ¢ and Bl g (‘41))C

[note that (A, A,) L (A, 4,) iff A, = @].
(2) the partial sum operation: let (4,, A,), (By, B,) & (B(K) X BEK))c,
with (A, A,) L (By, B,); then

(A1, A) © (B, B) := (A4, UB,A,UB)
(3) The K-orthocomplementation: let (4, A,) € (B(K) X RB(K))c; then
(A1, Ap)" = (A4, (A))
(4) The B-orthocomplementation: let (4, A,) € (B(K) X B(K)); then
(A1, Ap)™ 1= ((Ap)s (A4p))

Example 2: The Unsharp “Quantum Logic” of a Hilbert Space #

Let us consider (M(FH) X M(H))c := {(M,, M,): M\, M, € M(F),
M; C M,}. Then this set can be equipped with an SBZ-like structure:

<(~M'(%) X M(%))g, —L’ @a ” ~a ({_Q}’ {9})’ (%’ %»

with respect to:
(1) The orthogonality relation: let (M;, M,), (N, N ;) € (M(¥) X
M(F))c; then

M, M) L (N, N,)  iff My C (Nt  and N, C(Mp)*
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(M, M,) L (M, M,) iff M, is the trivial subspace {0}].
(2) The partial sum operation: let (M;, M,), (N, N,) € (M(F) X M(3€))c
be such that (M,, M,) L (N;, N,); then

M, M,) ® (N, N,) := (M, v N, M, v N,)
(3) The K-orthocomplementation: let (M;, M,) e (M(F) X M(F))c; then
My, M) = (M), (M)
(4) The B-orthocomplementation: let (M; M,)) € (M(¥) X M(FC))c; then
My, Mp)™ := (Mp)*, (M)*)

The above algebraic structures are SBZ-like, since we can prove the
following:

Theorem 3.1 Let a, b be two elements of either (B(K) X B(K))c or
(M(F) X M(F))c. Then the following hold [where we set 0 := (@, @) and
1 := (K, K) in the classical case, and 0 := ({0}, {0}) and 1 := (%, %) in
the quantum one].

(og-1) {Symmetry law}

alb implies b 1l a
(og-2) {Regularity law}
ala and b1l b imply alb
(og-3) {Zero—One law}
1la implies a=20

Moreover, the partial sum operation is such that:
(sa-1) [Commutative law] If a 1 b, then

a®b=bBa

(sa-2) [Associative law] If a L band (a® b) L c,then b L c,a L
b D ¢), and

aDbDc)=@db)Dc

Furthermore, the K-orthocomplementation satisfies:
(koc-1w) {Weak K-orthosupplementation law]

alad and a=4d"

(koc-2) {K-Uniqueness law]
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alb and a®b=1 imply b=ad’

Lastly, the B-orthocomplementation satisfies
(boc-1w) [B-Weak symmetry law]

Irr a®r=>b"" implies 3s: b~ Ds=a"~
(boc-2) [B-Orthogonality law]
ala”
(boc-3) [B-Noncontradiction law]

3r a~®r=c and 3s: a7 Ds=c¢ imply ¢ =1

Proof. We give a proof of the classical case only, where a = (A, A,),
b = (B,, B,). The quantum one is similar.

(og-1) is trivial. Part (og-2) follows from A, = @ C (B,) and B, =
9 C (A)). Let now (U, U) L (A4, Ay); then U C (A))° and A, C U° imply
A, = A, = 0. The commutative and associative laws are trivially verified.

From A; C (A9)° and B, C (B9)° we obtain (4,, 4,) L ((4,)°, (A))°);
moreover, (A1, A,)" = ((4,), (A)))' = (A, A,), which is the (koc-1w).

For the K-uniqueness law, we prove that (4,, A,) L (B,, B,) and
(A, A) @ (B, B)) = (U, U) imply necessarily that (A,, Ap) = (A, A)) and
(By, B)) = (A1), (A1) = (A, Ay

Indeed, the hypothesis can be restated as A; C (B,)° and B, C (A)", and
A; U B, = A, U B, = U. The first inclusion can be extended to A; C (B,)°
C (B, ie., A, N B, = @, and taking into account the later identity A, U
By = U, we obtain that (A;)° = B;; moreover, always the first inclusion
implies B; C B, C (A;)°, and thus we conclude that B, = B, = (A,)*. Owing
to this result, condition (A, A,) L (B,, B,) turns out to be (A;, A,) L (A)),
(A1)), which in particular implies that (4,)° C (4,), i.e., A, C A;, from
which A, = A, follows.

If3(R1, R,):(A; A)) @ (R, R,) = (B, B,)™™ = (B,, B,), then in particular
Ay C (R,)°, which implies

R, C A* )
On the other hand, A, U R, = B, implies
R, C B, @

Lastly, from R, C (4,)° C (A})° we get R, N A, = @, and taking into account
that A; U R, = B,; we obtain

Ry = B, N (AyF (3)
In conclusion, R, CR, = (1) =R, NAYX CRCBNA)=03)=
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Ry, ie., Ry = R,. Under this result, the hypothesis assumes the form (4,, A,)
& (Rla Rl) = (BP’ Bp), where A] c (Rl)c and R1 c (Ap)c, ie., A] n R, = Ap
N R, = @; moreover, it must be A; U R, = A, U R, = B,. From this result
it follows that necessarily A, = A,; and thus the hypothesis becomes (4,,
A[) &b (R], Rl) = (Bp, Bp), with R, C (Al)c (i.e., A1 N Rl = ﬂ) and A1 U R1
= B,, which imply A; = (R))° N B,, ie.,

(A)° = R N By C)]
From A; U R, = B, it follows the R, C B,, i.e,, (B,)° C (R;)", and so

((By), (B,)) L (Ry, Ry) &)

Making use of (4) and (5) we conclude that ((B,), (B,)") ® (R;, R) =
(A1, (Ar)°).

(A, A))” = (A, (A)) and A} C A, = ((A,)°) and (A,)° C (A)°
trivially imply (A,, A,) L (A;, A)".

(Al’ Ap)~ @ (Rh Rp) = (Cl’ Cp) and (Al, Ap)~~ @ (Sl’ SZ) = (Cls CZ)
mean ((A4,), (A,)°) ® (R, R,) = (Cy, C3) and (A, A,) D (5, S7). Therefore,
Ci = @A) UR, =A4,US, with R N (4,)° = §; N A; = G; this implies
A, =R and (A))° = S;and thus C;, = A, U S, = A, U (4) =U. So it
must be also that C, = U, i.e., (C,, C,) = (U, U).

Remark 3.1. From the above Theorem we get that the SBZ-like structure
now introduced differs from the SBZ-algebra considered in Section 2 in the
properties (koc-1) and (boc-2). As stated in (Foulis and Bennett (1994) (koc-
1) implies (koc-2w), and thus the latter is a generalization of the former.

In particular, let us notice that for instance in the classical case

(A1, A) © (A1, 4)" = (A, VA, U)

which is equal to (U, U), iff Ay = A,. Pairs of the kind (4, A) [ie., A, =
A,] are just the ones for which (4, 4,) = (A,, A,)”" (i.e., the sharp elements).

At a first glance, it seems that no relation may be stated between (boc-
1) and (boc-1w); but this presently is an open problem, which can be an argu-
ment for a forthcoming deep study about these new SBZ-like structures describ-
ing unsharp algebras for both the classical and the quantum propositional logics.
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